In this paper, we consider the following functional equation
Introduction and Preliminaries
In 1940, S. M. Ulam [14] proposed the following stability problem :
"Let G 1 be a group and G 2 a metric group with the metric d. Given a constant δ > 0, does there exist a constant c > 0 such that if a mapping f : G 1 −→ G 2 satisfies d(f (xy), f (x)f (y)) < c for all x, y ∈ G 1 , then there exists a unique homomorphism h : G 1 −→ G 2 with d(f (x), h(x)) < δ for all x ∈ G 1 ?"
In the next year, D. H. Hyers [7] gave a partial solution of Ulam , s problem for the case of approximate additive mappings. Subsequently, his result was generalized by T. Aoki [1] for additive mappings, and by Th. M. Rassias [13] for linear mappings, to consider the stability problem with unbounded Cauchy differences. During the last decades, the stability problems of functional equations have been extensively investigated by a number of mathematicians, see [5] , [6] and [4] .
In this paper, we consider the fuzzy version stability problem in the fuzzy normed linear space setting. The concept of fuzzy norm on a linear space was introduced by A. K. Katsaras [9] in 1984, which was later on studied, following Cheng and Mordeson [3] , to give a new definition of a fuzzy norm in such a manner that the corresponding fuzzy metric is of Kramosil and Michalek type [8] . In 2008, A. K. Mirmostafaee and M. S. Moslehian [10] , [11] used the definition of a fuzzy norm in [2] to obtain a fuzzy version of stability for the Cauchy functional equation:
and the quadratic functional equation:
We call a solution of (1.1) an additive mapping and a solution of (1.2) is called a quadratic mapping. Now, we introduce the following functional equation :
in a fuzzy norm space. It is easy to see that the function f (x) = px 2 + qx is a solution of the functional equation (1.3), which explains why it is called an additive-quadratic functional equation. A. Najati and M. B. Moghimi [12] investigated the generalized Hyers-Ulam stability for functional equation deriving from additive and quadratic functions on quasi-Banach spaces.
is called a fuzzy norm on X if for all x, y ∈ X and all s, t ∈ R, (N1) N (x, t) = 0 for t ≤ 0; (N2) x = 0 if and only if N (x, t) = 1 for all t > 0;
is a nondecreasing function of R and lim t→∞ N (x, t) = 1; (N6) for any x = 0, N (x, ·) is continuous on R. In this case, the pair (X, N ) is called a fuzzy normed vector space.
Let (X, N ) be a fuzzy normed vector space and {x n } a sequence in X. Then {x n } is said to be convergent if there exists an x ∈ X such that lim n→∞ N (x n − x, t) = 1 for all t > 0. In this case, x is called the limit of the sequence {x n } in X and one denotes it by N − lim n→∞ x n = x. And {x n } in X is said to be Cauchy if for any > 0, there is an m ∈ N such that for any n ≥ m and any positive integer p, N (x n+p − x n , t) > 1 − .
It is well known that every convergent sequence in a fuzzy normed vector space is Cauchy. A fuzzy norm is said to be complete if each Cauchy sequence in it is convergent and a complete fuzzy normed vector space is called a fuzzy Banach space.
In this paper, we prove the generalized Hyers-Ulam stability of (1.3) in fuzzy Banach spaces. Throughout this section, we assume that X is a linear space, (Y, N ) is a fuzzy Banach space, and (Z, N ) is a fuzzy normed space.
2 The Generalized Hyers-Ulam fuzzy stability for (1.3)
In this section, we prove the generalized Hyers-Ulam stability for (1.3) in fuzzy Banach spaces. For any mapping f :
We start with the following lemma.
Lemma 2.1 Let f : X −→ Y be a mapping satisfying (1.3). Then we have the following :
(1) if f is an odd mapping, then f is an additive mapping, and (2) if f is an even mapping, then f is an even mapping.
Proof.
(1) Clearly, f (0) = 0. Since f is an odd mapping, by (2.7), we have
for all x, y ∈ X and letting y = −x − y in (2.1), we have
for all x, y ∈ X. By (2.1) and (2.2), we have
for all x, y ∈ X and interchanging x and y in (2.3), we have
for all x, y ∈ X. By (2.1), (2.3) and (2.4), we get
for all x, y ∈ X and interchanging x and y in (2.5), we have
for all x, y ∈ X. By (2.5) and (2.6), f is an additive mapping.
(2) Clearly, f (0) = 0. Since f is even, by (1.3), we hvae
and letting y = y − x in (2.7), we have
for all x, y ∈ X and letting y = −y in (2.8), we have
for all x, y ∈ X. By (2.7) and (2.9), we have
for all x, y ∈ X and interchanging x and y in (2.10), we get
for all x, y ∈ X. By (2.7), (2.10) and (2.11) f is an quadratic mapping.
For any mapping f : X −→ Y , we define the difference operator Df :
for all x, y ∈ X.
Theorem 2.2 Let φ : X 2 −→ Z be a function and r a real number such that 0 < |r| < 2 and
for all x, y ∈ X and all t > 0. Let f : X −→ Y be an odd mapping such that f (0) = 0 and
for all x, y ∈ X and all t > 0. Then there exists an additive mapping A : X −→ Y satisfying (1.3) and the inequality
holds for all x ∈ X and all t > 0.
Proof. Since f is an odd mapping, the inequality (2.13) is equivalent to the following inequality :
for all x, y ∈ X and all t > 0. By (2.12) and (N3), for any n ∈ N, we have
for all x, y ∈ X and all t > 0. Letting y = 0 in (2.15), by (N3), we have
for all x ∈ X and all t > 0. By (2.12), (2.16), (2.17), and (N3), we have
for all x ∈ X, all t > 0 and all positive integer n. Hence by (2.18) and (N4), we have
for all x ∈ X, all t > 0, and all positive integer n. So we have
for all x ∈ X, all t > 0, all nonnegative integer m, and all positive integer p. Thus, by (2.20), we have
2 n } is a Cauchy sequence in (Y, N ). Since (Y, N ) is a fuzzy Banach space, there is a mapping A : X −→ Y defined by
for all x ∈ X and all t > 0. Moreover by (2.19), we have
for all x ∈ X, all t > 0, and all positive integer n. Let be a real number with 0 < < 1. Then, by (2.21), (2.22), (N4), and (N5), we have
for sufficiently large positive integer n, all x ∈ X, and all t > 0. Since N (x, ·) is continuous on R, we get
for all x ∈ X and all t > 0 and so we have (2.14). By (2.13) and (N5), we have
for all x, y ∈ X and all t > 0. Since lim n→∞ N φ(x, y), 2 n |r| n t = 1, by (2.21), (2.23), and (N4), we have
for sufficiently large n, all x, y ∈ X and all t > 0, because
for all x ∈ X and all t > 0. Hence N (DA(x, y), t) = 1 for all t > 0 and so, by (N2), DA(x, y) = 0 for all x, y ∈ X. Since f is an odd mapping, by(2.21), A is an odd mapping. By Lemma 2.1, A is an additive mapping.
Now we deal with the even function case.
Theorem 2.3 Let φ : X 2 −→ Z be a function and r a real number satisfying 0 < |r| < 4 and (2.12). Let f : X −→ Y be an even mapping satisfying f (0) = 0 and (2.13). Then there exists a quadratic mapping Q : X −→ Y satisfying (1.3) and the inequality
Proof. Since f is an even mapping, the inequality (2.13) is equivalent to the following inequality :
for all x, y ∈ X and all t > 0. By (2.12) and (N3), we have
for all x, y ∈ X, all t > 0, and all natural number n. Letting y = 0 in (2.25), by (N3), we have
for all x ∈ X and all t > 0. By (2.12), (2.26), (2.27), and (N3), we have min{N (φ(x, 0), t), N (φ(−x, 0) , t)} (2.28) for all x ∈ X, all t > 0 and all positive integer n. Hence by (2.28) and (N4), we have
for all x ∈ X, all t > 0 and all positive integer n. Hence we have
for all x ∈ X, all t > 0, all nonnegative integer m, and all positive integer p. Thus, by (2.30) and (N3), we have
for all x ∈ X, all t > 0, all nonnegative integer m, and all positive integer p. Since
2 2n } is a Cauchy sequence in (Y, N ). Since (Y, N ) is a fuzzy Banach space, there is a mapping Q : X −→ Y defined by
for all x ∈ X. Moreover by (2.29), we have
for all x ∈ X, all t > 0 and all positive integer n. Let be a real number with 0 < < 1. Then, by (2.31), (2.32), and (N4), we have
for all x ∈ X and all t > 0 and so we have (2.24). By (2.13) and (N5), we have
|r| n t (2.33) for all x, y ∈ X and all t > 0. Since lim n→∞ N (φ(x, y),
|r| n t) = 1, by (2.31), (2.33), and (N4), we have
for all x ∈ X and all t > 0. Hence N (DQ(x, y), t) = 1 for all t > 0 and so, by (N2), DQ(x, y) = 0 for all x, y ∈ X. Since f is even, by (2.31), Q is an even mapping and hence by Lemma 2.1, Q is an quadratic mapping.
By combining Theorems 2.2 and Theorems 2.3, we can have the following theorem which is the main theorem in this paper.
Theorem 2.4 Let φ : X 2 −→ Z be a function and r a real number satisfying 0 < |r| < 2 and (2.12). Let f : X −→ Y be a mapping satisfying f (0) = 0 and
for all x, y ∈ X and t > 0. Then there exists a unique additive-quadratic mapping F : X −→ Y such that the inequality
Proof. By (2.38), we have
for all x, y ∈ X and t > 0. By Theorem 2.2, there is an additive mapping A : X −→ Y such that N (f o (x) − A(x), t) ≥ min N φ(x, 0) 2 − |r| , t , N φ(−x, 0) 2 − |r| , t (2.36) holds for all x ∈ X and all t > 0. Moreover, by (2.13), we have N (Df e (x, y), t) ≥ min N φ(x, y), t , N φ(−x, −y), t for all x, y ∈ X and t > 0. By Theorem 2.13, there is a quadratic mapping Q : X −→ Y such that N (f e (x) − Q(x), t) ≥ min N φ(x, 0) 2 2 − |r| , t , N φ(−x, 0) 2 2 − |r| , t (2.37) holds for all x ∈ X and all t > 0. Let F (x) = A(x) + Q(x). Then F (x) is an additive-quadratic mapping and by (2.36) and (2.37), we have (2.35).
To show the uniquness of F , suppose that G is another additive-quadratic mapping with (2.35). Since F and G are addiitve-quadratic mappings, for all x, y ∈ X and a fixed real number p with 0 < p < 
